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ABSTRACT
Pension schemes all over the world are under increasing pressure to efficiently hedge
the longevity risk posed by ageing populations. In this work, we study an optimal in-
vestment problem for a defined contribution pension scheme which decides to hedge
the longevity risk using a mortality-linked security, typically a longevity bond. The
pension scheme invests in the risky assets available in the market, including the
longevity bond, by using the contributions from a representative scheme member to
ensure a minimum guarantee such that the member is able to purchase a lifetime an-
nuity upon retirement. We transform this constrained optimal investment problem
into an unconstrained problem by replicating a self-financing portfolio of future con-
tributions from the member and the minimum guarantee provided by the scheme.
We solve the resulting optimisation problem using the dynamic programming prin-
ciple and through a series of numerical studies reveal that the longevity risk has an
important impact on the performance of investment strategies. Our results provide
mathematical evidence supporting the use of mortality-linked securities for efficient
hedging of the longevity risk.
KEYWORDS
defined contribution pension scheme, longevity bond, stochastic control, dynamic
programming principle
JEL CLASSIFICATION
G11
1. Introduction
A pension scheme is an important economic mechanism in the society as it provides
people with regular incomes after their retirement from the productive labour work-
force. According to the benefit and contribution policy, there are two main categories
of pension schemes: defined benefit schemes (DB schemes) and defined contribution
schemes (DC schemes). In a DB scheme, pension benefits to be paid by the scheme
after retirement time are pre-defined. In this case, scheme members only need to pay
contributions regularly and bear no investment risk, while the scheme manager bears
the risk of bad investment performance and may fail to deliver the benefits. In a DC
scheme, the amount of contributions payable by scheme members is pre-determined
instead of the benefit payments. The benefits depend on the size of the accumulated
contributions and scheme manager’s investment performance, and are uncertain until
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the retirement time. As opposed to the DB scheme members, members of a DC scheme
have more choice on the ways to receive their benefits. Typically, there are three op-
tions: to purchase a lifetime annuity, or, to opt for a flexible income-drawdown option
(that is, to withdraw money periodically while the remaining money stays in the pen-
sion scheme), or, to withdraw the lump sum cash amount from the scheme. In a DC
scheme, the employer of scheme members bears no risk as its only responsibility is
to pay the contributions along with its employees. However, the employees face the
risk of receiving insufficient benefits after their retirement due to bad investment per-
formance. Biffis and Blake (2014) mentioned that the estimate of global amount of
annuity- and pension-related longevity risk exposure amount to $15 trillion. Accord-
ing to Cocco and Gomes (2012), the average life expectancy of 65-year-old US (UK)
males increases by 1.2 (1.5) years per decade. As a consequence, a DB scheme for
those populations would have needed 29% more wealth in 2007 than in 1970. Due to
the unsustainability of the DB schemes, the DC schemes are becoming increasingly
popular among the employers.
In this work, we consider a DC scheme in which the scheme manager allocates the
wealth in a financial market to achieve the amount needed to buy lifetime annuity upon
retirement of the members. As the annuity price depends on the uncertain expected
remaining lifetime of the scheme members at retirement time, we account for this
uncertainty using a stochastic death time. We also consider the longevity risk based
on a stochastic model of the mortality rate. We assume that the evolution of mortality
rate of all the scheme members can be described by the same stochastic process and
thus, choose a representative member to study the problem. The scheme manager
invests on behalf of the representative member and maximises the expected utility
from the terminal surplus between the scheme’s wealth level and the value of lifetime
annuity.
Boulier, Huang, and Taillard (2001) studied the optimal investment problem for a
DC scheme under stochastic interest rate framework in which a downside protection
for the member’s benefits is provided. They obtained the optimal investment strategy
which maximises the expected terminal utility from the surplus between the scheme’s
final wealth and the downside guarantee by applying the dynamic programming princi-
ple. Gao (2008) used the dual approach to solve the optimal asset allocation problem
for a DC scheme in a market with stochastic interest rate. Deelstra, Grasselli, and
Koehl (2003) studied the assets and liabilities management (ALM) problem for the
DC pension schemes from the perspective of a scheme manager. They maximised the
expected utility of terminal wealth in the presence of a specific minimum guarantee
and used the martingale theory to solve the optimisation problem.
Proposed by Blake and Burrows (2001), a longevity bond provides coupon payment
based on the number of survivors in a chosen reference population. Therefore, invest-
ment in a longevity bond not only provides an efficient way to hedge the longevity risk,
but also allows diversification of investment portfolios. Menoncin (2008) studied an
optimal consumption and investment problem for an investor with a stochastic death
time. He maximised the investor’s intertemporal consumption until the death time and
used a rolling-maturity longevity bond to hedge against the investor’s longevity risk.
He showed that the optimal amount to be invested in the longevity bond decreases
over time since the need for hedging longevity risk decreases as approaching death
while the optimal consumption increases over time. De Kort and Vellekoop (2017)
modelled the force of mortality using a Cox-Ingersoll-Ross process which guarantees
the morality rates to be non-negative. They argued that although there is no liquid
market for such longevity bonds, it is not practical to put the market price of longevity
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risk at zero. Instead, they assumed a time-varying market price of risk which is propor-
tional to the square root of the mortality rate. Cocco and Gomes (2012) studied the
optimal consumption and investment problem in a life-cycle model. By calibrating to
the US historical data and current projections, they showed considerable uncertainty
with respect to the future improvements in mortality rates. They also suggested that
longevity linked securities can help in longevity risk management. Menoncin and Regis
(2017) studied the optimal consumption and investment problem for an individual in-
vestor to hedge his longevity risk before retirement. They showed that the optimal
proportion that should be invested into longevity bond is higher than other assets.
Most articles studying the optimal portfolio strategy for DC schemes, focus on the
financial risks (for example, interest rate risk, inflation risk) and ignore the longevity
risk. Even the studies which take the longevity risk into account, mainly focus on
optimal asset allocation problems for DB pension schemes and use time-varying but
deterministic force of mortality models to measure the longevity risk. In addition, as
the pension schemes are managed on behalf of its members, it makes more sense to
study optimal investment problems which maximise the members’ expected terminal
utility. However, only a few authors, for example, Han and Hung (2012), He and
Liang (2015), studied the optimal investment problems from the perspective of scheme
members, while the rest focus mainly on the ALM framework.
In our work, we study the optimal asset allocation problem for a DC scheme from the
perspective of a representative scheme member under the framework of stochastic force
of mortality and stochastic interest rate. In particular, our study extends the works
of Boulier, Huang, and Taillard (2001), Gao (2008), Menoncin and Regis (2017), to
investigate the optimal portfolio allocation for DC schemes while hedging the longevity
risk. The representative member requires that the scheme’s wealth level must be at
least sufficient to buy a lifetime annuity which acts as a minimum guarantee. The
scheme manager maximises the expected utility of the terminal surplus between the
scheme’s wealth level and the minimum guarantee. To hedge the longevity risk, a
rolling-maturity longevity bond as introduced in Menoncin (2008) is added to the
investment portfolio. Our results show that the longevity risk plays an important role
in the pension scheme’s risk management and reveal that the longevity bond could
not only offer an efficient way to hedge the future longevity risk, but also provide
attractive risk premiums.
The rest of this paper is organised as follows. Section 2 presents the mathematical
framework of the problem and introduces different risky assets considered in the fi-
nancial market. In Section 3, we introduce the optimisation problem and derive the
analytical solutions to the optimal investment strategies. Section 4 discusses numerical
studies including sensitivity analyses with respect to different model parameters.
2. The financial market
We consider a frictionless financial market consisting of a stock, a rolling zero-coupon
bond and a rolling longevity bond. Let (Ω,F , {F(t)}t≥0,P) be a complete filtered
probability space on an infinite time horizon T = [0,∞). F(t) is the information
available to the investor from time 0 to t, P is the physical probability measure and E[·]
the expectation operator under P. {W (t) | t ∈ T } = {(Wr(t),Wλ(t),WS(t))′ | t ∈ T }
denotes a three-dimensional standard Brownian motion under P. The money market
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account is denoted by R(t)
dR(t)
R(t)
= r(t)dt, R(0) = 1,
where {r(t) | t ∈ T } is the instantaneous risk-free interest rate. We assume that r(t)
follows a Cox-Ingersoll-Ross process:
dr(t) = (ar − brr(t))dt+ σr
√
r(t)dWr(t),
where r(0) = r0, ar, br and σr are positive constants such that the Feller’s condition
2ar > σ
2
r is satisfied.
The second asset is a zero-coupon bond {B(t, TB) | t ∈ T } which pays one unit of
currency at a fixed maturity time TB ∈ T . To price this bond, we define a risk-neutral
pricing measure Q by the following Radon-Nikodym derivative
dQ
dP
= Z(T ) = exp
(
−
∫ T
0
θ(t)′dW (t)− 1
2
∫ T
0
| θ(t) |2 dt
)
,
where {θ(t) | t ∈ T } is an R3-valued, F-adapted process such that Z(t) is a martingale
and E[Z] = 1. By Girsanov’s theorem, {WQ(t) | t ∈ T } is a three-dimensional standard
Brownian motion under Q such that
WQ(t) = W (t) +
∫ t
0
θ(s)ds. (1)
The risk-neutral pricing formula of the bond is given as
B(t, TB) = EQ
[
R(TB)
R(t)
∣∣∣∣∣F(t)
]
= EQ
[
e−
∫ TB
t
r(u)du
∣∣∣F(t)],
where EQ[·] denotes the expectation operator under Q.
As the interest rate r(t) follows an affine yield model, the bond price could be
expressed in the following form
B(t, TB) = e
f0(t,TB)−f1(t,TB)r(t).
With terminal conditions f0(TB, TB) = 0 and f1(TB, TB) = 0, we use the Feynman-
Kac formula to obtain
f0(t, s) =
2ar
σ2r
log
(
2ηre
1
2
(br+ηr)(s−t)
(br + ηr)eηr(s−t) − 1) + 2ηr
)
,
f1(t, s) =
2(eηr(s−t) − 1)
(br + ηr)(eηr(s−t) − 1) + 2ηr
,
ηr =
√
b2r + 2σ
2
r .
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Applying Itoˆ’s formula and using (1) leads to
dB(t, TB)
B(t, TB)
= r(t)dt+ σB(t, TB)
[
θr
√
r(t)dt+ dWr(t)
]
,
where θr
√
r(t) is the market price of interest rate risk and σB(t, s) = −f1(t, s)σr
√
r(t).
As argued in Boulier, Huang, and Taillard (2001), it is impossible to invest in a
zero-coupon bond B(t, TB) at any time t ∈ T . Thus, it is reasonable to introduce a
rolling bond BTB(t) with constant time to maturity TB. The price process of this bond
is described by the following stochastic differential equation (SDE):
dBTB(t)
BTB(t)
=
(
r(t) + σB(t, t+ TB)θr
√
r(t)
)
dt+ σB(t, t+ TB)dWr(t).
Through the following equation, we show that the zero-coupon bond B(t, TB) can be
replicated using cash and the rolling bond BTB(t):
dB(t, TB)
B(t, TB)
=
(
1− σB(t, TB)
σB(t, t+ TB)
)
dR(t)
R(t)
+
σB(t, TB)
σB(t, t+ TB)
dBTB(t)
BTB(t)
.
We introduce a zero-coupon longevity bond {L(t, TL) | t ∈ T } as our third asset in
the portfolio to hedge the longevity risk.
Definition 2.1. A zero-coupon longevity bond is a contract paying a face amount
which is equal to the survival probability of the reference population from time 0 until
a fixed maturity time TL.
We denote the survival probability of the reference population from time 0 to t by
p(t). To measure the instantaneous survival rate, we denote by {λ(t) | t ∈ T } the force
of mortality (that is, the mortality intensity). Then,
dp(t)
p(t)
= −λ(t)dt, p(0) = 1.
For t, s ∈ T and s ≥ t, p(s)p(t) = e−
∫ s
t
λ(u)du represents the survival rate between t and s,
that is the probability of the reference population surviving from time t until time s.
According to Definition 2.1, the payment of a zero-coupon longevity bond at time TL
is p(TL)p(0) and the arbitrage-free price L(t, TL) at time t is given as
L(t, TL) = EQ
[
R(TL)
R(t)
p(TL)
p(0)
∣∣∣∣∣F(t)
]
= EQ
[
e−
∫ TL
t
r(u)due−
∫ TL
0
λ(u)du
∣∣∣F(t)]
= e−
∫ t
0
λ(u)duEQ
[
e−
∫ TL
t
(r(u)+λ(u))du
∣∣∣F(t)] .
Typically, affine term structure models are used to model mortality intensity in the
literature. Luciano and Vigna (2005) described the mortality intensity by affine mod-
els and calibrated the intensity processes using observed and projected UK mortality
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tables. They claimed that affine processes with deterministic part increases exponen-
tially could describe the evolution of mortality intensity properly. Russo et al. (2011)
calibrated three affine stochastic mortality models using term assurance premiums of
three Italian insurance companies and proposed that those affine models can be used
for pricing mortality-linked securities. Thus, in this paper, we also assume that λ(t)
evolves as
dλ(t) = (aλ(t)− bλλ(t)) dt+ σλ
√
λ(t)dWλ(t),
where bλ and σλ are positive constants. The initial value of the mortality intensity λ0
is calculated according to the Gompertz-Makeham law (see, for example, Menoncin
(2009)) and is given by
λ0 = φ+
1
b
e
t0−m
b , (2)
where t0,m, φ and b are constants. aλ(t) is a deterministic function of t and is chosen
to be of the following form
aλ(t) = bλ
(
φ+
(
1
bλb
+ 1
)
1
b
e
t−m
b
)
.
Due to the affine nature of λ(t), the longevity bond price can be expressed in the
following form
L(t, TL) = e
− ∫ t
0
λ(u)duef0(t,TL)−f1(t,TL)r(t)eh0(t,TL)−h1(t,TL)λ(t).
Using the Feynman-Kac formula with terminal conditions h0(TL, TL) = 0 and
h1(TL, TL) = 0, we get
L(t, TL) = e
− ∫ t
0
λ(u)duB(t, TL)N(t, TL),
where
N(t, s) = eh0(t,s)−h1(t,s)λ(t), ηλ =
√
b2λ + 2σ
2
λ,
h0(t, s) =
2aλ
σ2λ
log
(
2ηλe
1
2
(bλ+ηλ)(s−t)
(bλ + ηλ)(eηλ(s−t) − 1) + 2ηλ
)
,
h1(t, s) =
2(eηλ(s−t) − 1)
(bλ + ηλ)(eηλ(s−t) − 1) + 2ηλ
.
The evolution of L(t, TL) is described by the following SDE:
dL(t, TL)
L(t, TL)
=r(t)dt+ σrL(t, TL)
[
θr
√
r(t)dt+ dWr(t)
]
+ σL(t, TL)
[
θλ
√
λ(t)dt+ dWλ(t)
]
,
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where θλ
√
λ(t) is the market price of longevity risk, σrL(t, s) = −f1(t, s)σr
√
r(t) and
σL(t, s) = −h1(t, s)σλ
√
λ(t).
Similar to our previous argument on the investment in zero-coupon bonds, we in-
troduce a rolling longevity bond LTL(t) with a constant time to maturity TL whose
price process under P is given as:
dLTL(t)
LTL(t)
=
(
r(t) + σrL(t, t+ TL)θr
√
r(t) + σL(t, t+ TL)θλ
√
λ(t)
)
dt
+ σrL(t, t+ TL)dWr(t) + σL(t, t+ TL)dWλ(t).
We show that the zero-coupon longevity bond L(t, TL) could be replicated by cash
and the rolling longevity bond LTL(t) by the following equation:
dL(t, TL)
L(t, TL)
=
(
1− σL(t, TL)
σL(t, t+ TL)
)
dR(t)
R(t)
+
σL(t, TL)
σL(t, t+ TL)
dLTL(t)
LTL(t)
.
The fourth asset in the market is a stock whose price process {S(t) | t ∈ T } is given
as
dS(t)
S(t)
=r(t)dt+ σrS
√
r(t)
[
θr
√
r(t)dt+ dWr(t)
]
+ σS [θSdt+ dWS(t)] , S(0) = S0.
θS denotes the market price of stock price risk and σ
r
S
√
r(t) measures the instantaneous
covariance between the stock price and risk-free interest rate. The market price of stock
risk and volatilities may be stochastic and can take many forms. However, we mainly
focus on the longevity risk instead of investment risk. Thus, it is reasonable to suppose
that σrS and σS are positive constants.
For ease of presentation, we present the market structure in the form of vectors.
The vector of state variables is denoted by {z(t) | t ∈ T } = {(r(t), λ(t))′ | t ∈ T }
whose dynamics is given as
dz(t) = µz(t, z(t))dt+ ξ
′(t, z(t))dW (t), (3)
where
µz(t, z) =
[
ar − brr(t)
aλ(t)− bλλ(t)
]
, ξ′(t, z) =
[
σr
√
r(t) 0 0
0 σλ
√
λ(t) 0
]
,
dW (t) =
 dWr(t)dWλ(t)
dWS(t)
 .
The vector of risky asset price processes is given as
dBTB (t)
BTB (t)
dLTL (t)
LTL (t)
dS(t)
S(t)
 = µ(t)dt+ Σ′(t)dW (t), (4)
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where
µ(t) =
 r(t) + σB(t, t+ TB)θr√r(t)r(t) + σrL(t, t+ TL)θr√r(t) + σL(t, t+ TL)θλ√λ(t)
r(t) + σrSθrr(t) + σSθs
 ,
Σ′(t) =
 σB(t, t+ TB) 0 0σrL(t, t+ TL) σL(t, t+ TL) 0
σrS
√
r(t) 0 σS
 .
The vector of risk premium is given by
M(t) = (µ(t)− r(t)1) =
 σB(t, t+ TB)θr√r(t)σrL(t, t+ TL)θr√r(t) + σL(t, t+ TL)θλ√λ(t)
σrSθrr(t) + σSθs
 .
3. Main results
3.1. The optimisation problem
We consider a DC scheme in which the representative member continuously pays con-
tributions before retirement time T ∈ T . To simplify calculations, the instantaneous
contribution is assumed to be constant, that is, for any t ∈ T , c(t) = c. Note that
our analysis can be repeated for any deterministic function c(t). During the accumu-
lation phase, at any time t ∈ T , the scheme manager invests α0(t), αS(t), αB(t) and
αL(t) amounts of money into bank account, stock, rolling bond and rolling longevity
bond, respectively. The death time of the representative member τ is defined on
(Ω,F , {F(t)}t≥0,P). It is possible that the representative member dies before retire-
ment time (τ ≤ T ) and, in that case, we consider the bequest of the member. We
assume that if the death time τ is before the retirement time T , the member’s heirs
receive his total pension. We denote the scheme’s wealth level by {F (t) | t ∈ T } which
is given as
dF (t) =cdt+ (F (t)− αB(t)− αL(t)− αS(t)) dR(t)
R(t)
+ αB(t)
dBTB(t)
BTB(t)
+ αL(t)
dLTL(t)
LTL(t)
+ αS(t)
dS(t)
S(t)
, F (0) = F0 > 0. (5)
By denoting the investment in risky assets
{
α(t)
∣∣t ∈ T } = {(αB(t), αL(t), αS(t))′∣∣t ∈
T } and using (4), (5), we can write
dF (t) = (F (t)r(t) + c+ α(t)′M(t))dt+ α(t)′Σ′(t)dW (t). (6)
We assume that the representative member uses the scheme’s total wealth to pur-
chase a lifetime annuity at retirement time T and requires that the scheme’s wealth
must exceed this annuity price which acts as a minimum guarantee. The minimum
guarantee was considered in the works such as Boulier, Huang, and Taillard (2001),
Deelstra, Grasselli, and Koehl (2003), Han and Hung (2012) and Guan and Liang
(2014). We extend these works to the case where the death time is uncertain and the
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force of mortality is stochastic. At retirement time T , the price of a lifetime annuity
whose instantaneous instalment is pic is determined by
G(T ) = EQ
[∫ ∞
T
pic1{τ≥s}
R(s)
R(T )
ds
∣∣∣∣∣F(T )
]
=
∫ ∞
T
picEQ
[
e−
∫ s
T
(r(u)+λ(u))du
∣∣∣F(T )]ds
= pic
∫ ∞
T
B(T, s)N(T, s)ds,
where pi is the replacement ratio. Typically, the wage replacement ratio, the percent-
age of retirement income to pre-retirement income, is a good way to estimate the
income needed to maintain the living standard in retirement. Here, rather than the
wage replacement ratio, we consider pi as the ratio of retirement income to the contri-
bution. We assume that the minimum guarantee is a lifetime annuity which delivers
instantaneous instalment equal to pic which is sufficient for subsistence in retirement.
The goal of the pension scheme manager is to maximise the expected utility from
the surplus between the fund level and the minimum guarantee at retirement time T .
It is straightforward to suppose that the manager does not take into account the case
of death before retirement since we assume that the total pension will be given to the
heirs as the bequest. Thus, the manager’s objective function is given as
J(t, F, z) = E[U(F (T )−G(T )) | F(t)].
To solve for the value function, we fix the preference of the pension manager by a
utility function with relative risk-aversion coefficient γ:
U(x) =
x1−γ
1− γ , γ > 0 and γ 6= 1.
Definition 3.1. A portfolio strategy α = {α(t) | t ∈ T } is called admissible if the
following conditions are satisfied:
(i) α is progressively measurable with respect to (Ω,F , {F(t)}t≥0,P).
(ii) EQ
[∫ T
0 F (t)
2α′(t)Σ′(t)Σ(t)α(t)ds
∣∣∣F(t)] < +∞.
(iii) Given the initial value (z0, F0), (6) has a unique strong solution.
We denote by A the set of all admissible strategies α(t).
The optimisation problem is defined by{
max
α∈A
E
[
(F (T )−G(T ))1−γ
1−γ
∣∣∣F(t)] ,
s.t. (3) and (6) hold.
(7)
3.2. The optimal solution
3.2.1. Transform the initial problem
The optimisation problem (7) is not a classical optimal investment problem as the
wealth process is not self-financing since there are continuous positive contributions
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into the fund. In addition, there is a minimum guarantee to meet. We introduce an aux-
iliary surplus process and transform the initial non-self-financing constrained problem
to a self-financing unconstrained single investment problem.
Inspired by Boulier, Huang, and Taillard (2001), we first split the scheme’s wealth
into two parts: one part is the future contributions to be paid and the other part is a
self-financing portfolio. Then, we construct an asset D(t), t ∈ T to replicate the future
contributions. The value of D(t) is given by
D(t) = EQ
[∫ T
t
c
R(T )
R(t)
ds
∣∣∣F(t)] = ∫ T
t
cB(t, s)ds.
D(t) can be replicated by cash and the rolling bond:
dD(t) = −cdt+ (D(t)− αDB (t)) dR(t)R(t) + αDB (t)dBTB(t)BTB(t) , (8)
where
αDB (t) =
c
∫ T
t B(t, s)σB(t, s)ds
σB(t, t+ TB)
=
c
∫ T
t f1(t, s)B(t, s)ds
f1(t, t+ TB)
, (9)
is the amount of money that should be invested into the rolling bond. The other part
of the scheme’s wealth is defined as a new process X(t) = F (t) + D(t) and satisfies
the following SDE
dX(t) =
(
X(t)− αXB (t)− αXL (t)− αXS (t)
) dR(t)
R(t)
+ αXB (t)
dBTB(t)
BTB(t)
+ αXL (t)
dLTL(t)
LTL(t)
+ αXS (t)
dS(t)
S(t)
, (10)
where αXB (t), α
X
L (t) and α
X
S (t) are the investments at time t in rolling bond, rolling
longevity bond and stock, respectively. According to (5), (8) and (10), we have
αXB (t) = αB(t) + α
D
B (t), α
X
L (t) = αL(t), α
X
S (t) = αS(t). (11)
We denote by {αX(t) | t ∈ T } = {(αXB (t), αXL (t), αXS (t))′ | t ∈ T } so that the dynamic
of X(t) is written as
dX(t) = (X(t)r(t) + αX(t)′M(t))dt+ αX(t)′Σ′(t)dW (t). (12)
As we can see, the cdt term in the wealth process (6) is cancelled and X(t) is a self-
financing process. We have now transformed the initial problem (7) into an equivalent
optimisation problem: {
max
αX∈A
E
[
(X(T )−G(T ))γ
1−γ
∣∣∣F(t)] ,
s.t. (3) and (12) hold.
(13)
Next, we transform problem (13) which is constrained by the guarantee to an un-
constrained problem by constructing an auxiliary process which is the surplus of the
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terminal wealth over the minimum guarantee. The present value of the minimum guar-
antee G(T ) at time t ≤ T , is given by
G(t) =EQ
[
G(T )
R(T )
R(t)
∣∣∣∣∣F(t)
]
=EQ
[
e−
∫ T
t
r(u)duEQ
[∫ ∞
T
pice−
∫ s
T
r(u)du1{τ≥s}ds
∣∣∣∣∣F(T )
] ∣∣∣∣∣F(t)
]
=EQ
[∫ ∞
T
pice−
∫ s
t
(r(u)+λ(u))duds
∣∣∣∣∣F(t)
]
=pic
∫ ∞
T
B(t, s)N(t, s)ds.
By denoting αGB(t), α
G
L (t) and α
G
S (t) the investments in bond, longevity bond and
stock, respectively, we replicate G(t) as
dG(t) =
(
G(t)− αGB(t)− αGL (t)− αGS (t)
) dR(t)
R(t)
+ αGB(t)
dBTB(t)
BTB(t)
+ αGL (t)
dLTL(t)
LTL(t)
+ αGS (t)
dS(t)
S(t)
, (14)
where
αGL (t) =
pic
∫∞
T B(t, s)N(t, s)σL(t, s)ds
σL(t, t+ TL)
=
pic
∫∞
T B(t, s)N(t, s)h1(t, s)ds
h1(t, t+ TL)
, (15)
αGB(t) =
pic
∫∞
T B(t, s)N(t, s)σ
r
L(t, s)ds
σB(t, t+ TB)
− αGL (t)
σrL(t, t+ TL)
σB(t, t+ TB)
=
pic
∫∞
T B(t, s)N(t, s)f1(t, s)ds
f1(t, t+ TB)
− αGL (t)
f1(t, t+ TL)
f1(t, t+ TB)
. (16)
Now, we construct a portfolio Y (t) = X(t) − G(t) = F (t) + D(t) − G(t) which is a
self-financing unconstrained process. Combining (10) and (14), we obtain the following
equation
dY (t) =dX(t)− dG(t)
=
(
Y (t)− αYB(t)− αYL (t)− αYS (t)
) dR(t)
R(t)
+ αYB(t)
dBTB(t)
BTB(t)
+ αYL (t)
dLTL(t)
LTL(t)
+ αYS (t)
dS(t)
S(t)
,
where
αYB(t) = α
X
B (t)− αGB(t) = αB(t) + αDB (t)− αGB(t),
αYL (t) = α
X
L (t)− αGL (t) = αL(t)− αGL (t),
αYS (t) = α
X
S (t) = αS(t). (17)
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We denote by {αY (t) | t ∈ T } = {(αYB(t), αYL (t), αYS (t))′ | t ∈ T } the investment
strategy in risky assets so that the dynamic of Y (t) is given as
dY (t) = (Y (t)r(t) + αY (t)′M(t))dt+ αY (t)′Σ′(t)dW (t). (18)
Our new optimisation problem is unconstrained and is written as{
max
αY ∈A
E
[
Y (T )1−γ
1−γ
∣∣∣F(t)] ,
s.t. (3) and (18) hold.
(19)
3.2.2. Optimal portfolio allocation
In this section, we apply the dynamic programming method to solve the equivalent
optimisation problem (19). We denote the value function as V (t, y, z) which satisfies
V (t, y, z) = max
αY ∈A
E
[
Y (T )1−γ
1− γ
∣∣∣∣∣F(t)
]
.
Then the Hamiltonian is given as
H(t, y, z) = Vy(yr + αY ′M) + µ′zVz +
1
2
tr(ξ′ξVzz) +
1
2
αY
′
Σ′ΣαY Vyy + αY
′
Σ′ξVyz,
where Vy, Vyy, Vz, Vzz and Vyz are the respective first and second order partial
derivatives. The associated terminal condition is V (T, y, z) = Y (T )
1−γ
1−γ . Solving the
first order condition in αY gives us
αY
∗
= − Vy
Vyy
(Σ′Σ)−1M − 1
Vyy
(Σ′Σ)−1Σ′ξVyz. (20)
The Hamilton-Jacobi-Bellman (HJB) equation is obtained by substituting αY
∗
in the
Hamiltonian:
0 =Vt + Vyyr − 1
2
Vy
2
Vyy
M ′(Σ′Σ)−1M − Vy
Vyy
M ′(Σ′Σ)−1Σ′ξVyz
+ µ′zVz +
1
2
tr(ξ′ξVzz)− 1
2
1
Vyy
Vyz
′ξ′Σ(Σ′Σ)−1Σ′ξVyz. (21)
Proposition 3.1. Under the financial market setting (3)–(4) and risk-aversion pa-
rameter γ > max
{
2σ2r+2brθrσr−σ2rθ2r
b2r+2σ
2
r
, 2bλθλσλ−σ
2
λθ
2
λ
b2λ
}
, the solution of optimisation prob-
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lem (19) is given as
αY
∗
(t) =
 αY ∗B (t)αY ∗L (t)
αY
∗
S (t)

=
Y (t)
γ
 −
θr
f1(t,t+TB)σr
+ σ
r
SθS
f1(t,t+TB)σr
− A1(t,T )f1(t,t+TB) +
f1(t,t+TL)
f1(t,t+TB)
αY
∗
L (t)
− θλh1(t,t+TL)σλ −
A2(t,T )
h1(t,t+TL)
θS
σS
 ,
αY
∗
0 (t) = Y (t)− αY
∗
B (t)− αY
∗
L (t)− αY
∗
S (t), (22)
where 
A1(t, T ) =
a11a12 exp(−
√
∆1(T−t))−a11a12
a12 exp(−
√
∆1(T−t))−a11 ,
∆1 = b
2
r + 2σ
2
r +
σ2rθ
2
r−2brθrσr−2σ2r
γ ,
a11,22 =
brγ−θrσr±γ
√
∆1
σ2r
,
A2(t, T ) =
a21a22 exp(−
√
∆2(T−t))−a21a22
a22 exp(−
√
∆2(T−t))−a21 ,
∆2 = b
2
λ +
σ2λθ
2
λ−2bλθλσλ
γ ,
a21,22 =
bλγ−θλσλ±γ
√
∆2
σ2λ
,
A0(t, T ) =
∫ T
t
(
arA1(s, T ) + aλA2(s, T ) +
1− γ
2γ
θ2S
)
ds. (23)
Proof. Let {g(t, z) | t ∈ T } be a function of t and z(t). We guess the solution of PDE
(21) to be of the following form
V (t, y, z) =
y1−γ
1− γ g(t, z), (24)
with terminal condition g(T, z) = 1. Substituting (24) in (21) leads to
0 =gt + (1− γ)rg + 1− γ
2γ
M ′Σ′Σ−1Mg +
1− γ
γ
M ′(Σ′Σ)−1Σ′ξgz
+ µ′zgz +
1
2
tr(ξ′ξgzz) +
1− γ
2γg
gz
′ξ′Σ(Σ′Σ)−1Σ′ξgz. (25)
We further guess that g(t, z) is of the following form
g(t, z) = eA0(t,T )+A(t,T )z(t), (26)
where A(t, T ) = {(A1(t, T ), A2(t, T )) | t, T ∈ T }. Using (26) in (25), the above PDE
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reduces to the following three ODEs:
0 =
∂A1
∂t
+ (1− γ) + 1− γ
2γ
θ2r +
1− γ
γ
A1θrσr + (θrσr − br)A1 + 1
2γ
σ2rA
2
1,
0 =
∂A2
∂t
+
1− γ
2γ
θ2λ +
1− γ
γ
A2θλσλ + (θλσλ − bλ)A2 + 1
2γ
σ2λA
2
2,
0 =
∂A0
∂t
+
1− γ
2γ
θ2S + arA1 + aλA2, (27)
with terminal conditions A0(T, T ) = 0, A1(T, T ) = 0 and A2(T, T ) = 0. Under the
condition γ > max
{
2σ2r+2brθrσr−σ2rθ2r
b2r+2σ
2
r
, 2bλθλσλ−σ
2
λθ
2
λ
b2λ
}
, the solutions of the ODEs (27)
are given by (23). Substituting (23), (24) and (26) back into the first order condition
(20) leads to the optimal solutions (22).
Proposition 3.2. Under the financial market setting (3)–(4) and risk-aversion pa-
rameter γ > max
{
2σ2r+2brθrσr−σ2rθ2r
b2r+2σ
2
r
, 2bλθλσλ−σ
2
λθ
2
λ
b2λ
}
, the solution of optimisation prob-
lem (7) is given as
α∗B(t) =α
Y ∗
B (t) + α
G
B(t)− αDB (t)
=
(
− θr
f1(t, t+ TB)σr
+
σrSθS
f1(t, t+ TB)σr
− A1(t, T )
f1(t, t+ TB)
)
Y (t)
γ
− f1(t, t+ TL)
f1(t, t+ TB)
α∗L(t)−
c
∫ T
t f1(t, s)B(t, s)ds
f1(t, t+ TB)
+
pic
∫∞
T B(t, s)N(t, s)f1(t, s)ds
f1(t, t+ TB)
,
α∗L(t) =α
Y ∗
L (t) + α
G
L (t)
=−
(
θλ
h1(t, t+ TL)σλ
+
A2(t, T )
h1(t, t+ TL)
)
Y (t)
γ
+
pic
∫∞
T B(t, s)N(t, s)h1(t, s)ds
h1(t, t+ TL)
,
α∗S(t) =α
Y ∗
S (t) =
θS
σS
Y (t)
γ
,
α∗0(t) =F (t)− α∗B(t)− α∗L(t)− α∗S(t). (28)
Proof. The optimal solutions are obtained by straightforward calculations according
to (9), (15), (17) and Proposition 3.1.
4. Numerical applications
In this section, we perform several numerical studies to understand the role of longevity
risk and longevity bonds in the optimal investment strategies for DC pension schemes.
We focus on the impact of different parameters of the stochastic mortality rate model
on the optimal strategies.
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Table 1. Values of parameters for optimisation problem (7).
Interest rate Mortality Stock Others
r0 = 0.0621328 b = 12.9374 σS = 0.14926 F0 = 100
ar = 0.0056210 φ = 0.0009944 σSr = 0.0046306 pi = 0.51
br = 0.0904668 m = 86.4515 θS = 0.1108301 c = 3.75
σr = 0.0543625 bλ = 0.5610000
θr = −0.5590635 σλ = 0.0352
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Figure 1. Optimal investment strategies with θλ = −0.10 and γ = 2, 3, 4 and 5
4.1. The base scenario
The values of the parameters for the optimisation problem (7) are given in Table 1.
We do not use real market data but most of these parameter values are taken from
Menoncin and Regis (2017) and Han and Hung (2012). Here, we assume that there
exists a rolling bond and a rolling longevity bond with constant maturity time (in
years) TB = 10 and TL = 10, respectively. As the longevity bond is supposed to be
issued based on the mortality index of an older population, we assume that the market
consists of a rolling longevity bond whose underlying is the survival index of the 40-
years-old population. The longevity risk tends to be largely ignored in very early ages.
Hence, we suppose that the scheme manager considers to add the longevity bond to
the investment portfolio after the representative scheme member reaches the age of
40, that is, the initial age (years) is t0 = 40. λ0 given in (2) is computed by using
the parameters given in Table 1. The retirement age is chosen as 65 years, in other
words the retirement time is T = 25 years. The market price of longevity risk is hard
to decide since there are no longevity bonds traded in the market. Later, we perform
a sensitivity analysis on θλ to address this issue. As we are dealing with a utility
maximisation problem, a sensitivity analysis on the relative risk-aversion coefficient is
also given.
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The top left plot in Figure 1 shows the optimal investment proportions in our base
scenario with θλ = −0.10 and γ = 2.0. As we can see, the portfolio investment is
dominated by longevity bond throughout the investment horizon. Even though the in-
vestment in longevity bond declines over time, the investment proportion is still very
high at time T . The intuition behind this observation is that the longevity bond not
only provides an efficient way to hedge against the longevity risk, but also offers risk
premium over both interest rate risk and longevity risk. When the scheme member
approaches the retirement age, the share of longevity bond falls as the effect of mor-
tality fluctuations on the annuity price reduces. In other words, the need for longevity
risk hedging becomes lower in the later investment period. The optimal proportion in-
vested in the bond is initially about 0.68 and then drops to -0.02 at T . The share of the
stock also shows a decreasing trend and stays below 50 percent. In the beginning, the
short position in the bank account reveals that the scheme manager borrows money
and invests in risky assets to obtain risk premiums. The manager takes an aggressive
approach to quickly increase the pension scheme’s wealth to a high level in the early
stage. However, closer to the retirement time, the manager becomes more conservative
and shifts the scheme’s wealth to safer assets.
4.2. Sensitivity analysis
We also investigate the impact of scheme manager’s risk-aversion and the parameter
of market price of longevity risk on the optimal portfolio strategies. Although other
factors such as the market price of interest rate risk may also affect the optimal in-
vestment strategy sufficiently, we do not look into those factors as the focus of our
study is on hedging longevity risk. Figure 1 shows the optimal portfolio strategies for
managers with different coefficients of risk-aversion. Comparing the four plots in Fig-
ure 1, we observe that higher the coefficient of risk-aversion γ, higher the investment
proportions in bond and cash. Whereas, the investment proportions in longevity bond
and stock decrease with γ. A risk-averse investor tends to avoid relatively higher risk
and prefers investments with lower risk with more guaranteed returns. Although the
longevity bond provides higher risk premium, scheme managers with high coefficients
of risk-aversion prefer to invest more in safer assets such as bond. The different strate-
gies in these cases can also be explained by the optimal solution in Proposition 3.2.
We can see that the optimal weights invested in the longevity bond and stock reduces
with the coefficient of risk-aversion. It can also be seen from the optimal strategies that
the investment in longevity bond is proportionally related to the investment in bond
by a factor of − f1(t,t+TL)f1(t,t+TB) . Thus, the investment in longevity bond decreases while the
investment in bond increases with coefficient of risk-aversion. Also, Proposition 3.2
shows that the investment in stock declines with γ. Overall, the four plots in Figure 1
exhibit the expected trend of the optimal portfolio strategies.
Next, we look into the effect of θλ on the optimal investment strategy. The longevity
risk premium offered by the rolling longevity bond is −f1(t, t+ TL)σλθλλ(t) which is
increasing with respect to −θλ. The four plots in Figure 2 give the optimal strategies
with −θλ = 0.06, 0.08, 0.10 and 0.12. As in the base scenario, γ is chosen to be
2.0. The bottom right plot in Figure 2 shows that when −θλ = 0.12, the optimal
proportion of the fund invested in longevity bond is almost always higher than 1.0
due to the considerable attractiveness of high risk premium offered by the longevity
bond. The investment in stock is stable and short position is taken in riskless asset.
After t = 21, the scheme is financed by not only borrowing cash, but also short-
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Figure 2. Optimal investment strategies with γ = 2 and θλ = −0.06, −0.08, −0.10 and −0.12
selling the bond. This is because when approaching retirement time, the need to hedge
against interest rate risk is insignificant compared to the need to hedge against the
uncertain changes in mortality rate. This also explains the investment behaviour shown
in the top right plot in Figure 2. During the first 10 years, the investment weights in
bond and longevity bond are about the same and both of them decline over time.
However, the investment proportion in bond drops faster than the longevity bond.
The top left plot in Figure 2 indicates that even in the case where −θλ only takes the
value 0.06, the optimal proportion invested in longevity bond is always higher than
0.50. Comparing the optimal strategies, we observe that the higher the longevity risk
premium (that is, lower the θλ) more proportion of the scheme’s wealth is invested in
the longevity bond. The interpretation is that, with other parameters unchanged, a
lower θλ increases the longevity risk premium offered by the longevity bond but does
not increase the uncertainty in longevity bond value, and thus makes the longevity
bond more attractive for investment.
Plots in Figure 3 show the reactions of investment strategies to the parameter −θλ
with fixed investment time (in years) t = 5, t = 10, t = 15 and t = 20. It is not
a surprise that the optimal proportion invested in stock is stable and is only slightly
affected by θλ. The reason can be inferred from the optimal solutions that the portfolio
weight on stock is θSσSγ
Y (t)
F (t) where
θS
σSγ
does not depend on θλ and
Y (t)
F (t) is only slightly
affected by θλ. We can see from each of these plots that with an increasing −θλ the
investment in longevity bond increases while the investment in bond decreases. The
investment in cash fluctuates only slightly. From the optimal solutions, it is clear that
higher −θλ results in more investment in longevity bond while lower investment in
bond. Again, the results coincide with our argument that higher the longevity risk
premium, higher the investment in longevity bond. Even though the market price of
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Figure 3. Optimal investment strategies with γ = 2
longevity risk is hard to decide due to the absence of longevity bonds in the market, our
results show that longevity-linked derivatives can be used to hedge effectively against
the longevity risk and provide attractive risk premiums to pension schemes.
5. Conclusion
We studied the optimal investment problem for a DC pension scheme in a framework
where both interest rate risk and longevity risk are considered. Through our theoretical
results and subsequent numerical studies, we observed that the investment proportion
in longevity bond increases with the longevity risk premium. Also, compared to the
investment in other risky assets, the investment proportion in longevity bond is still
relatively higher even when the longevity risk premium is relatively low. We observed
that investment proportion in stock and longevity bond reduces with coefficient of
risk-aversion. Our results provide strong evidence for the attractiveness of longevity
bond and potential development of mortality-linked derivatives.
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